Abstract. The toric h-numbers of a dual hypersimplex and the Chow Betti numbers of the normal fan of a hypersimplex are the ranks of intersection cohomology and Chow cohomology respectively of the torus orbit closure of a generic point in the Grassmannian. We give explicit formulas for these numbers. We also show that similar formulas hold for the coordinator numbers of type A * lattices.
Introduction
The hypersimplex ∆ k,n is the convex hull of all 0/1-vectors in R n with exactly k 1's. The n − 1 dimensional complex projective toric variety, X k,n , corresponding to the normal fan of ∆ k,n is the closure of the torus orbit of a generic point in the Grassmannian Gr k,n (C). Furthermore, X k,n is singular unless k = 1 or k = n − 1, when ∆ k,n is a simplex.
For smooth toric varieties associated to the normal fan of a simplicial polytope, the ranks of cohomology groups of the toric variety are the h-numbers of the polytope, which depend only on the face numbers of the polytope. For singular toric varieties, which correspond to non-simplicial polytopes, Stanley introduced the toric h-numbers, which are the ranks of intersection cohomology groups of the toric variety [Sta87] . These numbers can also be computed combinatorially from the face lattice of the polytope. We give a new proof of the formula, originally due to Jojic [Joj07] , for toric h-vectors of dual hypersimplices.
Fulton and Sturmfels showed that the rational Chow cohomology ring of a complete toric variety coincides with the space of Minkowski weights, which are functions on the set of cones of the corresponding fan that satisfy certain balancing conditions [FS97] . We prove a formula for the Chow Betti numbers of normal fans of hypersimplices by giving a basis for the Minkowski weight space.
The d-dimensional diplo-simplex is the convex hull of the shortest vectors in the lattice A * d . Its Ehrhart series counts the lattice points of a given distance from the origin and is called the growth series of the lattice. We prove the formula for this growth series stated by Conway and Sloane [CS97] based on the work of O'Keeffe [O'K95]. The proof is closely related to the toric h numbers of dual hypersimplices.
2. Toric h-numbers of ∆(k, n) * In [Sta87] , Stanley defined the toric h-numbers of a polytope via its face poset. They coincide with the ranks of (even dimension) intersection cohomology groups of the toric variety of the polytope's normal fan.
Two polynomials, h(L, x) and g(L, x), are defined inductively on Eulerian posets L as follows
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. For each Eulerian poset L, let 0 and 1 denote the least and greatest elements of L respectively, [ 0, p] = {q ∈ L : q ≤ p} for p ∈ L, and rank(p) = rank [ 0, p] where the rank of a graded poset is one less than the number of elements in any maximal chain. Then
• h(1, x) = g(1, x) = 1, where 1 denotes the one element poset
For a polytope P with face lattice L and h polynomial h(L,
. For a simplicial polytope P , the toric h-vector coincides with the usual h-vector defined by the coefficients of
simplicial if all of its faces of dimension ≤ d − 2 are simplices. Equivalently, all its facets are simplicial polytopes. For a quasi-simplicial polytope P , the first half of the toric h-vector coincides with the first half of the usual h-vector, which follows from comparing (1) and (3) and using that the g polynomial for simplices is the constant polynomial 1.
Lemma 2.1. For 0 ≤ k ≤ n, the polytope ∆ * k,n is quasi-simplicial. Proof. We will show that ∆ k,n is quasi-simple, i.e. every edge is contained in exactly d − 1 2-faces. By [FS97] , every face of ∆ k,n is of the form F I,J , where |I| < k and |J| < n − k. In particular, an edge of ∆ k,n has the form F I,J where I ∩J = ∅, |I| = k −1 and |J| = n−k −1.
For an edge F I,J , any 2-face containing the edge has the form F I ,J where I ⊂ I, J ⊂ J, and |I | + |J | = n − 3, so it is obtained by deleting a single element from either I or J. Since |I| + |J| = n − 2, there are exactly n − 2 2-faces containing each edge of ∆ k,n .
Let the r th entry of the toric h-vector of P be denoted by h r (P ). The following follows from [Joj07, Theorem 5]. We give a new proof here. See Table 1 on 8 for examples.
Theorem 2.2 (Toric h numbers). For any
faces of dimension r. Let f (x) = x n−1 + n−2 r=0 f r x n−2−r . Since ∆ * k,n is quasi-simplicial, it suffices to compute the r th entry of the usual h-vector by the coefficient of x n−1−r in f (x − 1). Since f coincides with (x+2) n −2 n x for the k highest degree terms, the coefficients of x n−1−r in f and
coincide. It is straightforward to check that (x − 1)
and (x + 1) n − 2 n coincide for the k highest degree terms, and this gives the desired toric h-numbers for 0 ≤ r ≤ k − 1. Now suppose k ≤ r ≤ n 2
. The sum of toric h-numbers is the value of the h-polynomial at x = 1. By (1), the only nonzero contributions to h at x = 1 come from corank one elements. Evaluating the g-polynomial in (2) at x = 1 gives the middle coefficient of the h-polynomials. Thus the sum of the toric h-numbers of a polytope P is the sum of the middle h-numbers of the facets of P . Each of the n k facets of ∆ * k,n is isomorphic to the free sum
Since the toric h-vector is unimodal and
from above, we have
with equality if and only if
. On the other hand,
, so
Thus the inequality in (4) is tight, and
Chow-Betti numbers
The Chow-Betti number, β r,k,n , of the hypersimplex ∆(k, n) is the rank of the rational Chow cohomology group, A r (X k,n ), of X k,n , the toric variety associated to the normal fan of ∆ k,n . The group A r (X k,n ) is free abelian and is naturally isomorphic to the group of rational valued Minkowski weights on the codimension-r cones in the normal fan of ∆ k,n [FS97] . Fulton and Sturmfels computed β r,k,n for small values of k and n and asked whether there exist nice general formulas. We give such formulas in Theorem 3.1.
The codimension-r cones in the normal fan of ∆ k,n are indexed by pairs (I, J) where I and J are disjoint subsets of {1, 2, . . . , n} with (5) |I| + |J| = n − r − 1, |I| < k, and |J| < n − k.
We define the level, r,k,n (I, J), of a pair (I, J) to be the difference between |I| and its maximum possible value satisfying (5). For example, for n = 8, k = 3, r = 2, we have |I| + |J| = 8 − 2 − 1 = 5, and |I| < 3, |J| < 8 − 3 = 5, so 1 ≤ |I| ≤ 2. Thus ({1, 2}, {3, 4, 5}) is at level 0 while ({1}, {2, 3, 4, 5}) is at level 1.
It follows from the description of the faces and the normal fan of ∆ k,n that a Minkowski weight on codimension r cones is a functions c on the set of ordered pairs as in (5) satisfying the following balancing conditions [FS97] c(Ax, B) − c(Ay, B) = c(A, Bx) − c(A, By)
if |A| < k − 1 and
where Ax denotes A ∪ {x}.
The following is our main result about Chow-Betti numbers. We only consider 1 ≤ k ≤ n 2 because ∆ k,n and ∆ n−k,n are isomorphic. We have β 0,k,n = 1 for all k and n because constants are the only Minkowski weights on the full dimensional cones of a complete fan.
A basis for the Chow cohomology A r (X k,n ) over Q is given by the following Minkowski weights c where S runs over all subsets of {1, 2, . . . , n} of size at most r − 1, k − 1, and n − r − 1 respectively for the three cases.
Note that the number of levels for the (I, J)'s that appear in these three cases are r, k, and n − r respectively.
Proof. We first show that the c r,k,n S are Minkowski weights, i.e. they satisfy (6), (7), and (8) above. We often write c S instead of c r,k,n S to simplify notation. Condition (7) only applies when |I| = k − 1 at level 0. Then c S (I, J) = 1 iff I ⊇ S, so (7) holds. Similarly, condition (8) only applies when |J| = n − k − 1 at highest level. If |S| is less than the number of levels, then c S (I, J) = 0 for all (I, J). If |S| is equal to the number of levels, then c S takes 0/1 values with c S (I, J) = 1 iff J ⊇ S. In either case, (8) is satisfied.
Finally, we look at cases where condition (6) applies. Let A, B, x, y be disjoint with |A| < k − 1, |B| < n − k − 1, and x, y are singletons. Then we have the following cases:
• (c S (Ax, B) = 1 and x ∈ S) Then c S (A, Bx) = 1; c S (Ay, B) = c S (A, By) = 0.
• (c S (Ax, B) = 1 and x / ∈ S) Then necessarily y / ∈ S, so c S (Ay, B) = 1 and c S (A, Bx) = c S (A, By) = 0.
• (c S (Ax, B) = 0 and x ∈ S) Then c S (A, Bx) = c S (Ay, B) = c S (A, By) = 0.
• (c S (Ax, B) = 0 and x / ∈ S) If c S (Ay, B) = 1, then this is covered by the first two cases above by interchanging x and y, so we may assume that c S (Ay, B) = 0. If y ∈ S, then c S (A, Bx) = 0 and c S (A, By) = 0. If y / ∈ S, then c S (A, Bx) = c S (A, By).
In each of the cases above, (6) is satisfied. Thus, the functions c S are Minkowski weights.
We now show that the c S are linearly independent. We will use the following result of de Caen on set-inclusion matrices: Let W i,j (n) be the 0/1 matrix whose rows and columns are indexed by subsets of {1, 2, . . . , n} of size i and j respectively where W A,B = 1 if A ⊆ B and 0 otherwise. Then the rank of W i,j (n) is n i when i ≤ j and i + j ≤ n [dC01]. Fix r, k, and n. Let M be a matrix whose columns are indexed by pairs (I, J) satisfying (5) and rows by subsets S ⊂ {1, 2, . . . , n} of size less than the number of levels, with entry M S,(I,J) = c S (I, J). We order the sets S from smallest to largest and the pairs (I, J) by the size of J. Then the matrix M is block lower triangular where the i th diagonal block (i ≥ 0) has rows indexed by sets S of size i and the columns by pairs (I, J) at level i. In the i th block, M S,(I,J) = 1 if and only if S ⊆ J, so the columns of the i th blocks are exactly the same (with repetition) as the columns of the set-inclusion matrix W i,j (n) where j is the size of J at level i. To complete the proof that the i th block has rank n i
, which is the number of rows, we check that i + j ≤ n in each of the following cases. Recall that we are assuming k ≤ n − k.
• (1 ≤ r < n − k) The maximum |I| is k − 1, so the minimum |J| is n − r − k. For (I, J) at level i, we have j = |J| = n − r − k + i.
The number of levels is r, so i < r, and i + j = n − r − k + 2i < n − r − k + 2r = n − (k − r) ≤ n. -(k < r < n − k) The number of levels is k, so i < k, and i + j = n − r − k + 2i < n − r − k + 2k = n − (r − k) < n.
• (n − k ≤ r ≤ n − 1) For (I, J) at level i, we have j = |J| = i. The number of levels is n − r, so i < n − r ≤ n/2. Thus i + j = 2i < n.
This proves that the c S are linearly independent.
We will now show that the functions c S span Minkowski weight space. First consider when n − k ≤ r ≤ n − 1. Then only condition (6) applies. We will choose values for a Minkowski weight on the pairs (I, J) one level at a time. At level 0, |J| = 0 and |I| = n − r − 1, and we choose the values on each of these pairs (I, ∅) independently, giving us n n−r−1 degrees of freedom. After we have chosen values at level i, the equations (6) with LHS at level i (with |A| = n − r − 1 − i) leave one degree of freedom at level i + 1 for each A. This gives n n−r−1−i degrees of freedom. Continuing in this fashion, we get to level n − r − 1 where I = ∅, with 1 degree of freedom. Hence the dimension of Minknowski weight space is at most n−r−1 i=0 n i , which coincides with the lower bound proven above. Now consider the case when k < r < n − k. In this case the conditions (6) and (7) both apply, but (8) does not. The level 0 has |I| = k − 1, so the condition (7) leaves Finally, let 1 ≤ r ≤ k. In this case all three types of conditions (6), (7), and (8) apply. The same approach as above does not give a tight upper bound since it does not use condition (8).
For n ≤ 3 it is easy to check that the functions c r,k,n S span Minkowski weight space for all possible values of r and k. Let n ≥ 4 and fix 1 ≤ r ≤ k. The number of levels is r. Let c be a Minkowski weight on ∆ k,n . Define c on pairs (I, J) where I, J ⊂ {1, . . . , n − 1}, |I|+|J| = (n−1)−r −1, |I| < k, and |J| < n−k by c (I, J) = c(I, Jn). It is straightforward to check that c is a Minkowski weight on codimension r cones of ∆ k,n−1 . For S ⊆ [n−1] with |S| ≤ r − 1, the function c r,k,n−1 S is obtained from c r,k,n S in this way. Note that the number of levels is still r for r, k, n − 1, so c r,k,n−1 S is defined. By induction on n the functions c r,k,n−1 S span the Minkowski weight space on codimension r cones for ∆ k,n−1 , and only the c S with |S| = r − 1 have non-zero coordinates at the top level, so there are coefficients a S such that c (I, J) = S∈( . Note that the number of levels for r, k − 1, n − 1 is r when r < k and k−1 when r = k; in either case |S −{n}| = r−2 is less than the number of levels, so c r,k−1,n−1 S−{n} is defined. We can write c 1 = S∈(
Sn . By construction, c 2 (I, J) = 0 on all coordinates (I, J) at top level with n ∈ I. Since all these c S are also 0 on coordinates with n / ∈ I, then c 2 is a Minkowski weight that is 0 on all (I, J) at the top level.
The condition (8) on c 2 becomes, when |I| = k − 2, 0 = c 2 (I, Jx) − c 2 (I, Jy). This allows us to apply the same argument as above, using the weights c S where |S| = r − 2, to get a Minkowski weight which is 0 on all (I, J) with I ≥ k − 2. We can repeat this process until we have |S| = r − 1 − (r − 1) = 0. When we reach this case, we will have a Minkowski weight which is 0 on all (I, J) with I ≥ k − (r − 1). By condition (8), we get a multiple of the Minkowski weight c ∅ . Thus, we have written c = |S|<r a S c S as a linear combination of the functions c S , so the c S span the space of Minkowski weights.
4.
Coordinator numbers of A * n−1 lattices Let n be an integer ≥ 3. The type A n−1 lattice is the sublattice of Z n spanned by the type A n−1 roots {e i − e j : i = j}. The type A * n−1 lattice is the dual lattice to A n−1 , which we will identify with the image of the orthogonal projection of Z n onto the hyperplane {x ∈ R n : x 1 + · · · + x n = 0}. The shortest vectors in the A * n−1 lattice are the projection of {e 1 , −e 1 , . . . , e n , −e n } ⊂ Z n along the direction (1, 1, . . . , 1) onto the hyperplane above. Any collection of n − 1 linearly independent vectors among them form a Z-basis of the lattice, that is, the shortest vectors form a unimodular system. Their convex hull is the n − 1-dimensional diplo-simplex which we denote by ∆( , n) by abuse of notation. When n is even, this is a translate of the "usual" hypersimplex dilated by 2.
The coordination sequence of the type A * n−1 lattice with respect to the shortest vectors is the sequence S(0), S(1), S(2), . . . where S(k) is the number of lattice points on the boundary of k · ∆( ≤ r ≤ n − 1.
and the h-polynomial is h(
d−j to the h * -polynomial. If ∆ consists only of unimodular simplices, then by inclusion-exlusion, we have
Open problems
For ∆(k, n) * the toric h numbers and Chow-Betti numbers of the normal fan have very similar forms. See Table 1 . However our proofs are entirely independent from each other, and we do not know of a direct relationship between them.
k, n toric-h vector Chow-Betti numbers 2, 4 1 5 5 1 1 1 5 1 2, 5 1 6 6 6 1 1 1 6 6 1 2, 6 1 7 7 7 7 1 1 1 7 7 7 1 3, 6
1
1 9 9 9 9 9 9 1 1 1 9 9 9 9 9 1 3, 8 1 9 37 37 37 37 9 1 1 1 9 37 37 37 9 1 4, 8 1 9 37 93 93 37 9 1 1 1 9 37 93 37 9 1 2, 9 1 10 10 10 10 10 10 10 1 1 1 10 10 10 10 10 10 1 3, 9 1 10 46 46 46 46 46 10 1 1 1 10 46 46 46 46 10 1 4, 9 1 10 46 130 130 130 46 10 1 1 1 10 46 130 130 46 10 1 2, 10 1 11 11 11 11 11 11 11 11 1 1 1 11 11 11 11 11 11 11 1 3, 10 1 11 56 56 56 56 56 56 11 1 1 1 11 56 56 56 56 56 11 1 4, 10 1 11 56 176 176 176 176 56 11 1 1 1 11 56 176 176 176 56 11 1 5, 10 1 11 56 176 386 386 176 56 11 1 1 1 11 56 176 386 176 56 11 1 Table 1 . Toric h-vector of ∆(k, n) * and Chow-Betti numbers of the normal fan of ∆(k, n) graded by codimension of cones.
A general questions is: how are toric-h and Chow-Betti numbers related? They may have little resemblance in general. For instance the Chow-Betti numbers of the normal fan of a simplicial polytope depend only on the number of facets of the polytope -they have the form (1, n − d, 1, · · · , 1) where n is the number of facets and d is the dimension of the polytope.
McConnell showed that the rational homology of toric varieties is not a combinatorial invariant [McC89] . In fact, the same example shows that the Chow-Betti numbers are also not a combinatorial invariant. Using gfan, we found that the Chow-Betti numbers of the normal fan of P 1 and P 2 in [McC89, Example 1.4] are (1, 4, 9) and (1, 3, 9) respectively. The Chow-Betti numbers of their face fans also differ, being (1, 2, 11) and (1, 1, 11) respectively. The toric h-vector of both these polytopes are (1, 11, 11, 1).
We do not know whether different geometric realizations of (dual) hypersimplices can give different Chow-Betti numbers. While we expect that such examples do exist, we have not been able to find any computationally. In general, for which combinatorial types of polytopes (or fans) do all geometric realizaions have the same Chow-Betti numbers?
